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Ultra-relativistic hollow electron beams can drive plasma wakefields (∼ GV/m) suit-
able for positron acceleration. Stable propagation of hollow electron beams for long
distances in plasmas is required to accelerate positrons to high energies by these
plasma wakefields. In this work, we show by quasi-static kinetic simulations us-
ing the code WAKE that an ultra-relativistic azimuthally-symmetric hollow electron
beam propagates in a plasma by developing fish-bone like structure and shifting its
bulk, differentially along its length (rear part fastest), towards its axis due to the
decrease in the betatron time period of beam electrons from the beam-front to beam-
rear. Hollow electron beams with small radius collapse into their axis due to the pull
by the secondary wakefields generated by some of the beam electrons reaching the
axis. Hollow beams with sufficiently large radius, however, can propagate stably in
plasmas for several meters and be used for positron acceleration.
a)Max Planck Institute for Solar System Research, Justus-von-Liebig-Weg 3, 37077, Go¨ttingen, Germany
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I. INTRODUCTION
Plasma based particle acceleration schemes, first proposed in 19791, employ either a
high intensity laser or an ultra-relativistic charged particle beam driver which propagates
through a plasma driving electromagnetic fields in its wake where charged particles can
be accelerated. In the blow-out regime of plasma wake field acceleration2,3, the head of a
short electron beam driver expels plasma electrons radially away from its path setting up
nonlinear plasma oscillations. The expelled electrons fall back to and cross the beam axis
in a tightly confined region behind the beam driver. As a result, the beam driver travels
in a plasma-electron-free region which is a bubble-like structure in the moving frame of the
beam. A favorable region (longitudinal field accelerating and transverse field focusing) for
electron acceleration forms behind the beam driver and inside the first bubble containing the
driver. Experiments have demonstrated multi-GeV energy gain of electrons accelerated by
plasma wakefields driven by an ultra-relativistic electron beam in the blow-out regime4–8 and
also by proton beam9. However, acceleration of positrons, which is essential for a successful
operation of an electron-positron collider, using plasmas is relatively less explored.
Current schemes of positron acceleration drive plasma wake fields either by electron10–12
or by positron beam drivers13–17. In the blow-out regime driven by electron beam drivers, a
narrow favorable region for positron acceleration forms between the first and second bubbles.
In the favorable region for positron acceleration, accelerating electric field varies rapidly
with axial coordinate leading to a large energy spread in the accelerated witness beam of
positrons. An efficient acceleration of positrons in this scheme is possible only if the energy
content of the nonlinear plasma waves driven by the electron beam is small10. In the case
of a positron beam driver, plasma electrons are attracted towards rather than expelled out
of the beam driver path and do not cross the axis in a confined region as they do in the
case of an electron beam driver13. As a result the accelerating fields are smaller than those
driven by electron beam drivers. The focusing fields are radially nonlinear and vary along
the beam axis leading to an emittance growth of the witness positron beam18. Strength of
the accelerating fields and quality of the focusing forces are improved if the positron beam
propagates through a hollow plasma channel13,15,19. Misalignment of positron beam from the
axis of the hollow plasma channel, however, deflects the beam and sets stringent conditions
on the beam alignment20.
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A novel scheme using ultra-relativistic hollow electron beams to drive plasma wakefields
for positron acceleration was proposed12. In this scheme, an annular shaped electron free
region (bubble) forms generating the wakefields for positron acceleration in the hollow region
near the axis of the hollow beam. The accelerating field for positrons in this favorable region
of positron acceleration increases with the total charge in the beam driver while the axial size
of the favorable region remains approximately of the order of a plasma wavelength which
is large enough for the placement of a witness beam of positrons. This is in contrast to
the case of a solid beam driver in which the size of the favorable region diminishes with
increasing charge in the beam driver. Plasma wakefields for positron acceleration similar
to those driven by a hollow electron beam can also be driven by Laguerre-Gaussian laser
pulses21.
Hollow electron beams with energies in the range from tens to hundreds of MeV have
been observed to form in experiments and simulations of laser wake field acceleration22–26.
These beams form as a result of the trapping of the self or externally injected electrons in the
laser driven plasma wake fields and are of interest for their applications to compact radiation
sources. For applications to positron acceleration to high energies, ultra-relativistic hollow
electron beam wakefield drivers with large energy contents, of the order of tens of GeV and
larger, are of particular interest. Their stable propagation in plasmas for long distances is
desirable for the success of their application to positron acceleration. Azimuthally symmetric
2-D simulations demonstrated stable propagation of a hollow electron beam with 23 GeV
energy in a plasma for certain plasma and beam parameters, accelerating a positron beam
(total charge 13.58 pC) to gain 12.4 GeV in 140 cm12. Stable propagation of hollow electron
beam, however, depends on the parameters (plasma density, beam radius, thickness and
charge) which are subjected to variation under optimization of future experiments. In this
paper we study evolution of an ultra-relativistic hollow electron beam driver propagating in
a plasma and its dependence on the beam radius by quasi-static simulations. We find that
a hollow electron beam propagates in a plasma by developing fish-bone like structure and
shifting its bulk towards its axis. Hollow beams with small radius collapse into their axis
while those with sufficiently large radius can propagate stably in plasmas.
The paper is organized as follows. Section II presents simulation setup for our studies.
Evolution of hollow electron beams is discussed in Section III and its dependence on hollow
beam radius in Section IV. Finally conclusion are presented in section V.
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II. 2-D QUASI-STATIC SIMULATIONS
We simulate propagation of hollow electron beams in uniform plasmas in an azimuthally
symmetric (∂/∂θ = 0) cylindrical geometry (r, θ, z) using the quasi-static code WAKE27,28.
Quasi-static approximation exploits the disparity of the time scales of evolution of plasma
and beam driver. The time scale of evolution of an ultra-relativistic electron beam driver
(relativistic factor γb >> 1) is the betatron period τb =
√
2γbλp/c which is much larger than
the plasma time scale λp/c, where λp = 2pic/ωp is the plasma wavelength, c is the speed
of light and ωp is the electron plasma frequency. In the code WAKE, fast response of the
kinetic, warm and relativistic plasma to the beam driver is calculated by solving quasi-static
equations28 for the wakefields and plasma electrons assuming a non-evolving beam driver in
a computational domain which changes its position in the direction of the beam propagation
with the beam. The beam driver is then evolved under the influence of the plasma wakefields
by solving the equations of motion for beam particles over longer time scales.
We use transverse Coulomb gauge under which azimuthally symmetric electromagnetic
fields are described by the electrostatic potential φ and vector potential A = (0, 0, Az).
Quasi-static equations28 for plasma electrons and wakefields can be derived by making the
mathematical transformations, ξ = ct−z and s = z, and the approximation ∂/∂s << ∂/∂ξ.
Under quasi-static approximation, axial and radial wakefields, Ez and Erad = Er − cBθ,
respectively, can be obtained from the wakefield potential ψ = φ− cAz as Ez = ∂ψ/∂ξ and
Erad = −∂ψ/∂r.
We take initial number density of the hollow electron beam driver as,
nb = nb0 exp
[
−(r − r0)
2
2σ2r
− (ξ − ξ0)
2
2σ2z
]
(1)
The peak number density (nb0) of the hollow beam is located at an off axis location (r0, ξ0)
and falls off within distances σr (radially) and σz (axially). The beam is completely hollow
in the limit r0/σr → ∞. Otherwise there is a small but finite density in the core of the
beam. In the limit r0 → 0, the beam density has peak at the axis and corresponds to a solid
beam.
The background plasma has a uniform density, np0 = 5× 1016 cm−3 giving k−1p = ωp/c =
23.79µm, and is modeled using 9 simulation particles per cell. The parameters for electron
beam driver are nb0 = np0, ξ0 = 0, σz = 23.79µm = k
−1
p , σr = 4.76µm = 0.2k
−1
p . We shall
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vary the hollow beam radius r0. The total charge Qd = −e ∫ nb(r, ξ)r dr dθ dξ contained
in the beam driver will thus vary with r0. The driver beam has initial energy of 23 GeV
and is modeled using 1.25 ×106 simulation particles. The simulation domain size along ξ
is approximately 262µm ≈ 11 k−1p with a grid resolution dξ = 0.52µm ≈ 0.02 k−1p . The
simulation domain size and grid resolution in radial direction are approximately 119µm
≈ 5 k−1p and dr ≈ 0.3µm ≈ 0.0125 k−1p , respectively. The driver beam is propagated in the
uniform plasma in small steps of propagation distance ds ≈ 4.75µm.
III. EVOLUTION OF HOLLOW ELECTRON BEAMS
Figs. 1 and 2 show evolution of an ultra-relativistic hollow electron beam driver with
radius r0 = 8σr = 1.6 k
−1
p . The hollow beam develops fish-bone like structure, shifts its bulk
towards its axis and finally collapses into its axis during its propagation in a plasma under
the influence of the plasma wakefields it drives. Plasma wakefields driven by the initial beam
density play an important role in the evolution of the beam and thus we discuss them first.
A. Plasma wake-fields driven by the initial hollow beam density
Propagation of a hollow electron beam driver, density profile given by Eq. (1) and
shown in Figs. 1a & 2a, in a plasma causes radial expulsion of the plasma electrons from
the beam towards and away from the beam axis at r = 012. Plasma ions pull back the
expelled electrons which fall back behind the beam driver forming an azimuthally symmetric
annular shape positively charged region in the moving computational domain, as shown in
Fig. 1a. The positively charged annular region is bounded by closely spaced trajectories
of plasma electrons, and thus plasma charge density ρp is negative near (but outside) the
radial boundaries of the annular region; the negative values being more pronounced towards
the beam-rear as can be seen in radial line-outs of ρp at kpξ = −1 (in the beam-front),
kpξ = 0 (beam center) and kpξ = 2 (beam-rear) in Fig. 1b. The resulting radial wakefield
Erad = Er − cBθ changes direction across the bulk of the beam (Fig. 2a and 2b). Note
that slope of a radial line-out of Erad, Fig. 2b, at a radial position where Erad = 0 increases
towards beam-rear.
Above the upper boundary, ρp reaches a negative peak value and then drops to vanish.
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Below the lower boundary, on the other hand, ρp tends to be radially uniform towards the
beam axis after a small drop from its negative peak at the lower boundary. The difference
in magnitude and radial variation of ρp above and below the upper and lower boundaries,
respectively, is because plasma electrons moving towards the beam axis through the beam’s
hollow region repel each other, and thus are less radially deflected than those moving away
from the axis. This makes the annular region radially asymmetric with respect to the beam
center at r = r0. Due to the radial asymmetry, the radial location of Erad = 0 with respect
to the beam center is slightly shifted towards the beam axis (Fig. 2a and 2b).
B. Development of fish-bone like structure in the hollow beam
Fig. 1 shows that the hollow beam driver, which initially had bi-Gaussian shape (Fig. 1a),
develops fish-bone like structure by the time it propagates 10 cm into plasma (Fig. 1d). The
structure develops as a result of the ξ-dependent time period of the betatron oscillations of
the beam electrons. The betatron oscillations are caused by the radial wakefield Erad which
acts on beam electrons as a restoring force about the equilibrium positions where Erad=0.
The betatron time period τβ under the influence of Erad, whose radial variation near the
equilibrium position in a ξ-slice can be approximated as linear (at least for first few tens of
centimeters of propagation, Figs. 2b and 2e), can be written as
τβ = 2pi
√
meγb
e [dErad/dr]Erad=0
(2)
Here [dErad/dr]Erad=0 is the ξ-dependent slope of a radial line-out of Erad at the equilibrium
position, γb the relativistic factor of the beam particles, me the electron’s rest mass and e
the electronic charge. For a uniform region of ions, Gauss law gives dErad/dr = np0e/20
and Eq. (2) reduces to the usual expression τβ =
√
2 γb λp/c for the betatron time period.
Fig. 3a shows dependence of τβ on ξ at different propagation distances s. We used
initial value of γb in Eq. (2) for the calculation of τβ as the axial wake field Ez ∼ 5
GV/m (not shown here) decelerating the beam reduces the initial beam energy of 23 GeV
by a small amount ∼ eEz× 10 cm=0.5 GeV in first 10 cm of propagation. By the time
∆t10cm = 10 cm/c ≈ 4.2 × 103/ωp the beam propagated 10 cm in the plasma developing
fish-bone like structure, average change in τβ from its initial value (at s=0 cm) is relatively
small (Fig. 3a). On the other hand, τβ changes by an order of magnitude from the front to
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the rear of the beam. It drops from its value ωpτ
front
β ≈ 104 in the beam front (kpξ = −2) to
reach an asymptotic value ωpτ
rear
β = 1.5×103 in the beam rear (kpξ = 2). Consequently, the
beam electrons in different ξ-slices will be in different phases of the oscillations at a given
propagation distance s as shown in Fig. 3b. For example, by the time ∆t10cm, the electrons
in the beam-rear with their initial axial positions at kpξ = 1 and 2, for which values of τβ
are only slightly different, are about to complete their third oscillation (∆t10cm/τ
rear
β ≈ 2.8)
while those in the beam-front with initial axial position at kpξ = −2 are only approximately
halfway of their first oscillation (∆t10cm/τ
front
β ≈ 0.42).
Since the beam electrons in neighboring ξ-slices are in different phases of their radial
oscillations, the beam density, which at a point (r,ξ) has contributions from neighboring
electrons including those in the neighboring ξ-slices, develops a structure different from its
initial bi-Gaussian structure. The new structure would depend on the nature of the variation
of phases with ξ. In the beam-rear where the ξ-dependence of τβ and thus of oscillation phase
is relatively flat, the beam electrons, for example those with the initial axial positions at
kpξ = 1 and kpξ = 2 shown in Fig. 3b, oscillate with almost similar phases (at least up
to s=10 cm) resulting in a beam-rear relatively stretched in ξ. On the other hand, faster
variation of τβ with ξ towards the beam-front results in the development of fish-bone like
structure in which wings separated by intervals of pinched beam develop from the front to
the rear of the beam. The pinched parts of the beam appears as multiple peaks in beam
charge density shown in Fig. 3a. Note that the beam electrons do not significantly change
their ξ-positions during the beam propagation, as can be seen from Fig. 3b. Thus moving of
the beam electrons to the neighboring slice is not the reason for the fish-bone like structure
as may appear from the wings of the structure.
After propagating a finite distance in plasma, the peaks in beam charge density, Fig. 3a,
are enhanced over the initial single peak value. The first enhanced peak in the beam front, for
example at kpξ ≈ −1.75 at s=5 cm, causes much stronger expulsion of the plasma electrons
from the beam path than that by the initial beam density, augmenting the positive charge
density of plasma behind the peak due to the enhanced exposition of the background ions.
As a result, [dErad/dr]Erad=0, which has positive correlation and for kpξ < 2 linear scaling
with [ρp]Erad=0 as (e/meω
2
p)[dErad/dr]Erad=0 = 0.8 [ρp/np0e]Erad=0 (Fig. 3d) — a reminiscent
of the formula dErad/dr = ρp/20 for a uniform background of ions, increases. This cause a
local drop in the value of τβ according to Eq. (2), which appears behind the first enhanced
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peak as an ankle-like shape in the τβ-vs.-ξ curves (Fig. 3a). Since beam density in a given
ξ-slice oscillates with s, the first peak at s=5 cm subsides and a new first peak at kpξ ≈ −2.3
with a corresponding ankle in τβ-vs.-ξ curve behind it forms by s=10 cm. The value of τβ
drops at other ξ-locations as well but by small amount and does not seem to be associated
with the peaks of the beam density. In fact, τβ at a given ξ oscillates with s in such a way
that its maximum value does not exceed its initial value, Fig. 3c.
C. Differential shifting of the beam’s bulk towards its axis
Simultaneous with the development of fish-bone structure, the hollow beam shifts its
bulk, rear part fastest, towards the beam axis as shown in Fig. 1. The shift results from
the betatron oscillations of the beam electrons about an equilibrium position (Erad = 0)
which shifts radially towards the beam axis during beam propagation. Fig. 4 shows radial
oscillations of select beam particles and the changing radial position req of the equilibrium
at locations in the beam front (kpξ = −1) and beam rear (kpξ = 1) as a function of distance
s traveled by the beam. At s = 0, equilibrium position kpreq,0 = 1.5 is already radially
shifted towards the beam axis with respect to the peak beam density at kpr = kpr0 = 1.6.
This shift is same for all ξ-coordinates as can be noticed in Fig. 2a.
As beam begins to propagate in plasma, beam electrons in a given ξ-slice oscillate about
the initial shifted equilibrium position to reach the equilibrium simultaneously, and thus
form a density peak there, after approximately a quarter of their first betatron oscillation
in that ξ-slice. The density peak forms faster in the rear part of the beam as the betatron
oscillations are faster there. Consequently, initially hollow beam takes an overall shape of
a conical frustum with the radius decreasing from front to the rear of the beam. Since the
effective beam radii for all ξ are now less than the initial beam radius r0, propagation of
now frustum-shape beam drives wake fields with the equilibrium position further shifted
towards the beam axis. Indeed, Fig. 4 shows that the equilibrium position begins to shift
towards the beam axis after approximately a quarter of the first betatron oscillations in
a given ξ-slice. As the frustum shape beam propagates further, beam electrons adjust to
oscillate about the new equilibrium position forming the density peak there and the process
continues until the beam reaches too close to the axis. In this way, bulk of the beam shifts
towards the axis.
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Note that only the beam electrons close to the equilibrium position performs betatron os-
cillation about the changing equilibrium position. This is because Erad can be approximated
as linear only in the neighborhood of the equilibrium position. Away from the equilibrium
positions, Erad is nonlinear in r and particle motion is no longer a simple betatron motion.
D. Collapse of the hollow beam into its axis
Figs. 1 & 2 show that the beam finally collapses into its axis. The reason for the collapse
is the interaction of the beam electrons with the wakefields generated near the beam axis
by some of the beam particles reaching the axis. Fig. 1d or 2d shows that by s = 10 cm
beam density has already got accumulated on the axis mainly in the region −1.5 < kpξ < 0.
This accumulation is due to the beam electrons reaching the axis in the course of their
motion under the influence of the radial force, Frad = −eErad = −e ∂(−ψ)/∂r, where
ψ(r, ξ, t) = φ − cAz is the space and time dependent wake field potential. Energy of the
radial electron motion,
Wr =
γbmev
2
r
2
+ e(−ψ) (3)
can be shown to be approximately constant under the assumption of slow time variations of
γb, ψ and electron’s axial position ξb. These assumptions are met for a few tens of centimeters
of beam propagation.
Figs. 5a and 5b show negative of the wake field potential (−ψ) at s = 0. Since ψ = 0
on the beam axis and initial radial velocities of the beam electrons are zero, only the beam
electrons at initial radial positions where −ψ ≥ 0 can reach the axis. On the other hand,
the beam electrons with positive values of ψ significantly different from zero will not reach
the axis. Fig. 5c shows that there are small but finite number of particles for which −ψ ≥ 0.
Histogram of the ξ-positions of these particles, Fig. 5d, shows that they are distributed
along the whole length of the beam from its front to rear but are mainly concentrated at
the axial positions in the range −1.5 < kpξ < 0 where beam density first accumulates on
the axis. Contour of a very small value of −eψ/mec2 = 10−5, which is also closest to the
beam in the region −1.5 < kpξ < 0, show that the particles with −ψ ≥ 0 are located at the
radially outer edge of the beam (Fig. 5a). These particles account for small but finite beam
density at the outer beam edge where |ψ| ≈ 0, as illustrated by radial line-outs of ψ and ρb
at kpξ = −1 in Fig. 5b.
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Fig. 4 shows that the electrons which have their initial radial positions in the region
where −ψ > 0 indeed reach close to the axis in the course of their first oscillation. The
particles at kpξ = −1 reach the axis first time around s=10 cm later than those at kpξ = 1
due to their slower oscillations. Since the particles at kpξ = −1 are larger in number and
spend sufficient time ∆t = 1cm/c ≈ 420ω−1pe near the axis, the beam density accumulated on
the axis at kpξ = −1 is larger than that at kpξ = 1. The on-axis beam density at kpξ = −1
is also larger than the background plasma density and thus excite secondary wake fields
near the axis similar to those excited by a solid electron beam in the blow-out regime, as
can be seen by axial line-outs of plasma density and radial wake field in Figs. 1f and 2f.
At s=10 cm, ρp and Erad on the axis are positive over an axial length of the order of a
plasma wavelength 2pi/kp starting around kpξ = −1. They are not, however, well extended
in the radial direction at s=10 cm. With the further propagation of the beam, the secondary
wake gets radially extended (Figs. 1h and 2h). By s=30 cm, beam electrons, which were
no reaching the axis, i.e., those with the initial position where −ψ < 0, begin to access
the radially extended secondary wake field, first in the rear part of the beam, Figs. 1g and
2g. These electrons are pulled by the secondary radial wake field to trap them near the
axis, as shown in Fig. 4b. This process continues from the beam-rear to beam-front finally
collapsing a significant part of the beam into the axis.
IV. DEPENDENCE ON HOLLOW BEAM RADIUS
Fig. 6 shows mean radial position 〈rb〉 of beam electrons, defined at ξ = ξ0 as,
〈rb〉 = 1
N
N∑
i=1
rb,i , ∀ i : ξ0 − dξ/2 ≤ ξb,i ≤ ξ0 + dξ/2
and radial equilibrium position req for kpξ0 = −1, 1 and various values of r0. Hollow
electron beam shifts towards (represented by drops in 〈rb〉 and req from their initial value)
and collapses into its axis ( represented by req attaining zero value), starting from its rear
(Fig. 6b) and progressing towards front (Fig. 6a), for kpr0 = 1.2 and 1.6. For larger radii,
kpr0 = 1.8 and 2.0, hollow beam does shift towards its axis but not collapse even after
propagating 200 cms in plasma. Instead, 〈rb〉 and req simultaneously stop dropping and rise
again after a certain propagation distance, e.g., at approximately 120 cm for kpr0 = 2.0.
The rate of drop, distance at which the drop stops and the amount of drop in 〈rb〉 and req
10
decrease with the beam radius, resulting in a stable propagation of hollow beam in plasma
for large radius, as shown in Fig. 7 for kpr0 = 2.0.
The reason of no beam collapse for large beam radius can be understood from Fig. 8
which shows negative of the wake field potential (−ψ) at s = 0 for kpr0 = 2.0. The contour
of −eψ/mec2 = 10−5 in Fig. 8a is fairly away from the beam edges so that the beam density
vanishes at the locations where |ψ| = 0 (Fig. 8b). Consequently, there are no beam electrons
with −ψ > 0, as shown in Fig. 8c, to reach and excite secondary wakefields on the axis,
avoiding the collapse.
Fig. 7c and 7d shows that a small amount of beam density does accumulate near the
axis after propagating a distance s ∼ 100 cm, much later in comparison to the case of
kpr0 = 1.6. This accumulation of beam density is, however, not due to the beam electrons
with −ψs=0 > 0 as in the case of kpr0 = 1.6, but rather due to the evolution of ψ during
beam propagation such that some beam electrons have −ψ > 0. It, however, disappears by
s = 200 cm, Figs. 7e and 7f, without affecting the beam propagation. Therefore, number of
beam electrons with −ψ > 0 at s = 0 seems to control the collapse of the beam.
V. CONCLUSION
We have shown by quasi-static kinetic simulations using the code WAKE12 that an ultra-
relativistic hollow electron beam propagates in a plasma by developing fish-bone like struc-
ture and shifting its bulk, differentially along its length (rear part fastest), towards its axis.
The fish-bone structure develops because electrons performing betatron oscillations in the
neighboring beam cross-sections are not in-phase due to the continuous drop of the betatron
time period from front to the rear part of the beam. Beam shifts towards its axis due to
betatron oscillations of the beam electrons about an equilibrium position which shifts radi-
ally towards the beam axis during the beam propagation. The rear part shifts fastest due to
the faster betatron oscillations there. For small beam radius, rear part of the beam shifting
towards the beam axis is relatively quickly pulled towards the beam axis by the secondary
wake fields generated by some of the beam electrons reaching the axis. As a result, hollow
beam collapses into its axis with the collapse progressing from its rear to front part. For
beams with sufficiently large radius, not many particles reach the axis and the beam can
thus propagate stably in plasmas for several meters. For the parameters in our simulations,
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beam with radius kpr0 ≥ 1.8 propagates stably up to 200 cms in plasma.
Propagation of ultra-relativistic hollow electron beams in plasmas drive wakefields suit-
able for positron acceleration (radial field focusing, axial field accelerating) near the beam
axis12. Collapse of the beam into its axis causes the radial wake field near the axis to be
defocusing for positrons and thus destroys the wakefield structure for positron acceleration.
Hollow electron beams with sufficiently large radius do not collapse but shifts radially to-
wards their axis. The radial shift, however, does not change the wake field structure for
positron acceleration. A peak positron accelerating wake field of 2.5 GV/m is produced
at the beam axis in our simulations of stable beam propagation with kpr0 = 2.0. This
accelerating field is of the same order of magnitude as observed in experiments of positron
acceleration by propagation of positron bunch in hollow plasma channels16,17. Moreover,
accelerating field scales linearly with the total charge in the hollow beam driver. Thus,
positron acceleration by plasma wakefields driven by hollow electron beams is an attractive
scheme for its future application in electron-positron collider.
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FIG. 1. Plasma charge density ρp/(np0e) (in black-white color map) driven by a hollow electron
beam of radius kpr0 = 1.6 moving towards left, at propagation distances s=0 cm (a), 10 cm (d),
30 cm (g) and 80 cm (j). Over-plotted is the beam charge density ρb/(np0e) in black-red-yellow
color map saturated at ρb/(np0e)=-1. Radial and axial line-outs of ρp at a given s are shown on
the right of and below the corresponding color plot, respectively.
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FIG. 2. Radial wakefield eErad/mecωp (in blue-white-red color map) driven by a hollow electron
beam of radius kpr0 = 1.6 moving towards left, at propagation distances s=0 cm (a), 10 cm (d),
30 cm (g) and 80 cm (j). Over-plotted is the beam charge density ρb/(np0e) in black-red-yellow
color map saturated at ρb/(np0e)=-1. Radial and axial line-outs of Erad at a given s are shown on
the right of and below the corresponding color plot, respectively.
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FIG. 3. In (a), betatron time period ωpτβ (left axis, dashed lines) calculated from Eq. (2) using the
initial value of γb and beam charge density [ρb/(np0e)]Erad=0 (right axis, solid lines) vs. kpξ at s =
0 cm (blue), 5 cm (red) and 10 cm (green). A horizontal dotted line in (a) is for ωpτβ = 1.5× 103.
In (b), radial (kprb, left axis, solid lines) and axial (kpξb, right axis, dashed lines) positions vs. s
for select beam particles with same initial radial r ≈ r0 + σr = 1.8k−1p but different axial positions
kpξ=-2 (blue), -1 (red), 1 (magenta) and 2 (green). In (c), ωpτβ vs. s at kpξ = −1 (blue), kpξ = 0
(red) and kpξ = 2 (green). In (d), scatter plot (e/meω
2
p)[dErad/dr]Erad=0 vs. [ρp/(np0e)]Erad=0 for
kpξ < 3 (green color representing ξ-location fades towards the beam-rear) and s ≤ 20 cm, and a
fit (e/meω
2
p)[dErad/dr]Erad=0 = 0.8 [ρp/(np0e)]Erad=0 (dashed line).
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FIG. 4. Radial positions rb (solid lines) of select beam particles and equilibrium position req
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FIG. 5. Negative of wakefield potential, i.e., −eψ/mec2, (purple-green color map), a contour of
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FIG. 7. Plasma charge density ρp/(np0e) (left column, black-white color map) and radial wakefield
eErad/mecωpe (right column, blue-white-red color map) driven by a hollow electron beam (nb0 = np
, kpr0 = 2.0) moving towards left, at various propagation distances. Over-plotted is the beam
charge density ρb/(np0e) in black-red-yellow color map saturated at ρb/(np0e) = −1.
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FIG. 8. (a), (b) and (c) are the same as those in Fig. 5 but here for kpr0 = 2.0.
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